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Abstract—We propose a new spectrum allocation strategy
for terahertz (THz) band communication (THzCom) systems.
Specifically, we design multi-band-based spectrum allocation with
adaptive sub-band bandwidth (ASB), by allowing to divide the
spectrum of interest into sub-bands with unequal bandwidths.
Due to the frequency and distance-dependent nature of the
molecular absorption loss, the variation in this loss between the
sub-bands would be very high at the THz band when equal sub-
band bandwidth (ESB) is considered, as in the literature. The
proposed strategy reduces this variation by allowing changes in
the sub-band bandwidth, which leads to an overall improvement
in the data rate performance. To study the impact of our
strategy, we formulate an optimization problem, with the main
focus on spectrum allocation, to determine the optimal sub-
band bandwidth and transmit power. Thereafter, we propose
reasonable approximations and transformations to solve the
formulated problem. Aided by numerical results, we show that
by enabling and optimizing ASB, a significantly higher data rate
can be achieved by our strategy, compared to adopting ESB,
and it is more beneficial to adopt ASB when the spectrum with
the highest average molecular absorption loss within the THz
transmission window is selected during spectrum allocation.

Index Terms—Terahertz communication, spectrum allocation,
adaptive bandwidth.

I. INTRODUCTION

In an attempt to support the unprecedented increase in
wireless data traffic that is expected to occur over the next
decade, researchers from industry and academia have begun
to study wireless communications in the terahertz (THz) band
(0.1 THz-10 THz) for the sixth-generation (6G) and beyond
systems [1]. The huge untapped bandwidths available at the
THz band and the extremely short wavelengths of THz signals
offer enormous potentials. Following the major breakthroughs
on THz hardware technologies and standardization efforts over
the past decade, it is envisioned that THz band communication
(THzCom) systems will become a reality in the near future [2].

The exploration of novel and efficient spectrum allocation
strategies is of paramount importance to exploit the poten-
tials of the THz band [2,3]. When such strategies are to
be devised, the distinctive propagation characteristics at the
THz band pose new challenges that have never been seen at
lower frequencies [4]. Specifically, in addition to the severe
spreading loss, the THz band is characterized by the unique
frequency and distance-dependent molecular absorption loss.
The molecular absorption loss introduces drastically varying

path loss within the THz band and this variation increases
further as the transmission distance increases. Thus, the design
of novel, low-complexity, and efficient spectrum allocation
strategies is of utmost significance to develop ready-to-use
THzCom systems.

Multi-band-based spectrum allocation is envisioned as one
of the promising solutions to support micro- and macro-scale
THzCom systems, due to its ability to efficiently allocate
spectral resources when the molecular absorption loss variation
among the links in multiuser systems is very high [5,6].
In these schemes, the spectrum of interest is divided into a
set of non-overlapping sub-bands, and these sub-bands are
exploited to serve the users in the system. The multi-band-
based spectrum allocation and its performance under distance-
varying usable bandwidth and interference was first discussed
in [5]. A distance-aware multi-carrier (DAMC) based spectrum
allocation was proposed in [6] to improve the throughput
fairness among users in multiuser THzCom systems. In [6],
it was proposed to assign the sub-bands with high molecular
absorption coefficients to the users with longer distances and
the sub-bands with low molecular absorption coefficients to
the users with shorter distances, in order to take advantage of
the frequency and distance-dependent nature of THz channels.
By adopting DAMC-based spectrum allocation, a spectrum
allocation problem in the THz band backhaul network was
addressed in [7]. Furthermore, the coverage problem and
the achievable data rate performance of THzCom networks
when multi-band-based spectrum allocation is adopted were
investigated in [8].

It is noted that the studies in [5-8] considered equal sub-
band bandwidth (ESB), where the spectrum of interest is
divided into sub-bands with equal bandwidth. However, to
improve the spectral efficiency of multi-band-based spectrum
allocation, it would be beneficial to explore spectrum alloca-
tion with adaptive sub-band bandwidth (ASB), by allowing to
divide the spectrum of interest into sub-bands with unequal
bandwidths. Particularly, given that the molecular absorption
loss varies drastically within THz transmission windows, this
variation among the sub-bands would be very high when ESB
is considered [5, 6]. This variation can be reduced by allowing
changes in the sub-band bandwidth. This may eventually lead
to an overall improvement in the data rate performance, which
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motivates this work.

In this work, we study multi-band-based spectrum allocation
at the THz band by exploring the benefits of dividing the
spectrum of interest into sub-bands with unequal bandwidths.
We focus on a scenario where a single access point (AP)
supports the downlink of multiple users which demand high
data rates. We assume that DAMC-based sub-band assignment
is adopted. The main contributions of this work can be
summarized as follows:

o« We propose multi-band-based spectrum allocation with
ASB to improve the spectral efficiency of THzCom sys-
tems. To study the impact of ASB, we formulate an
optimization problem, with the main emphasis on spectrum
allocation, to determine the optimal sub-band bandwidth
and optimal transmit power.

To analytically solve the formulated optimization problem,
we propose reasonable approximations, as well as trans-
formations, and arrive at an approximate convex problem,
which can be solved efficiently by using standard convex
problem solvers.

Aided by numerical results, we show that the proposed
multi-band-based spectrum allocation with ASB achieves a
significantly higher throughput compared to the multi-band-
based spectrum allocation with ESB, due to its enhanced
ASB capability. We also show that it is more beneficial to
adopt ASB when the spectrum having the highest average
molecular absorption loss within the THz transmission
window is selected during spectrum allocation.

II. SYSTEM MODEL

We consider a three-dimensional (3D) indoor THzCom sys-
tem where a single AP supports the downlink of [ stationary
users which demand high data rates. We consider that the AP
is located at the center of the ceiling of the indoor environment
of interest and model it to be of height hs. We also consider
that users are distributed uniformly in this environment and are
of heights hy. We denote 7 as the set of the users and further
denote r; and d; = /(ha—hy)?+r? as the horizontal and 3D
distances between the ith user and the AP, respectively [9].

A. Channel Model

The signal propagation at the THz band is determined by
spreading and molecular absorption losses. Considering this,
the channel transfer function is obtained as [4]

= O K

H(f,d)f47rfde 2 , (1)
where ¢ is the speed of light, f is the frequency, d is the
propagation distance of interest, and K (f) is the molecular
absorption coefficient at f. In (1), e~ 254 represents the
molecular absorption loss which is caused by the fact that
oxygen molecules and water vapor absorb THz signal energies
for their rotational transition energies. It is noted that in this
work, we focus only on the line-of-sight (LoS) rays of THz
signals since non-line-of-sight (NLoS) rays are significantly
attenuated at the THz band due to high reflection and scattering
losses, as well as blockages [4,9, 10].
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Fig. 1. Illustration of PACSR and NACSR within a THz transmission window
and the arrangement of sub-bands within the PACSR.

TABLE I
AVAILABLE BANDWIDTHS WITHIN PACSRS AND NACSRs! [4].
PACSR NACSR
Frequency Range | Bandwidth | Frequency Range | Bandwidth
(THz) (GHz) (THz) (GHz)
0.4934 — 0.5521 58.7 0.5620 — 0.6107 48.7
0.6734 — 0.7487 78.5 0.6207 — 0.6515 30.8
0.8702 — 0.9159 45.7 0.7559 — 0.8513 95.4
1.0250 — 1.0870 62.0 0.9905 — 1.025 34.5

B. THz Spectrum

We consider that the to-be-allocated spectrum of interest
fully exists in either a positive absorption coefficient slope re-
gion (PACSR) or a negative absorption coefficient slope region
(NACSR) of an ultra-wideband THz transmission window, as
shown in Fig. 1. We note that PACSRs and NACSRs are
defined as the regions within the THz transmission window
where ag—(f) > 0 and ag—}f) < 0, respectively, as depicted
in Fig. 1. We clarify that it is reasonable to focus on the
allocation of the spectrum that exists either within a PACSR
or an NACSR. This is because that the available bandwidths
in each PACSR and NACSR at the THz band are in the order
of tens of GHz, as shown in Table I2. We also note that
the design principles of spectrum allocation with ASB in a
PACSR are similar to those in an NACSR. Hence, without loss
of generality, in the rest of the paper, we present the design
principles of spectrum allocation in a PACSR, and omit the
discussion of spectrum allocation in an NACSR.

We consider that the spectrum of interest is divided into
S sub-bands that are of unequal bandwidths. We denote
S§={1,2,--+,s,---, 5} as the set of the sub-bands and further
denote fs and B; as the center frequency and the bandwidth
of the sth sub-band, respectively. Since ASB is considered, we
have 0 < Bs < Bmax, Vs € S, where B, denotes the upper

The values in Table I are calculated considering that the regions where
molecular absorption coefficient values are less than one correspond to THz
transmission windows [4].

2To fully harness the potential of the huge available bandwidths at the THz
band, it would be more beneficial to focus on spectrum allocation with ASB
when the spectrum of interest exists anywhere within the THz band, which
will be considered in our future work.
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bound on the sub-band bandwidth. For notational convenience,
we consider that sub-bands in the set S are labeled such that
fi> fo>---> fg, as shown in Fig. 1. Thus, we have

s—1
fso=Ffe—=)_,  Bi-Bs/2,  VseS, (@

where ff is the end-frequency of the spectrum of interest, as
shown in Fig. 1. We then denote B, as the total available
bandwidth within the spectrum of interest. Considering this,
we obtain

> .osB:=Bu 3)

Following [5, 6, 8], we assume that the users in the system
are served by separate sub-bands. This assumption ensures
intra-band interference-free data transmission, thereby elim-
inating the hardware complexity and the signal processing
overhead caused by frequency reuse in the system. Under this
assumption, we set the number of sub-bands to be equal to the
number of users in the system, i.e., S = I. Also, following
[5-7,11], we adopt DAMC-based sub-band assignment to
improve the throughput fairness among users in the THzCom
system. The principle of the DAMC-based sub-band assign-
ment is that the sub-bands with low absorption coefficients
are assigned to the users with longer distances, while the
sub-bands with high absorption coefficients are assigned the
users with shorter distances. In our considered spectrum of
interest within a PACSR, we have K (f,) > K(fs4+1), Vs € S.
Considering this, in order to assign sub-bands to users as per
the DAMC-principle, we assign the sth sub-band to the user
that has the sth smallest distance, among all the users in the
set 7.

C. Achievable Data Rate

The achievable data rate of the user assigned to sub-band s
is obtained as [4]

-PSCT'ACTVU‘CVS|2

< = Bl 1
R ogg( + NoB.

) , VseS, @)
where P is the transmit power allocated by the AP to the user
assigned to sub-band s, Go and Gy are the antenna gains at
the AP and users, respectively, and Ny is the noise power
density. Also, |a|? is the path gain of the user assigned to
sub-band s, which is given by

) fot+E2 )
|O‘s| :Ts/f 5 |H(f>db)| df7

— =8
sT T2

Fri=3%21 Br
-1. [ H(f.d)Pdf. Vs€S.  ©)
Jer—=22%—1 Br
where T, is the duration of the pulse transmitted in sub-
band s [8]. Finally, we clarify that the inter-band interference
(IBI) is not considered in this work due to the fact that
recent studies have proposed IBI suppression schemes that
can suppress IBI with minimal throughput degradation and

waveform designs that minimize power leakages to adjacent
bands [11, 12].

III. OPTIMAL SPECTRUM ALLOCATION

It is of utmost importance to design novel and efficient
spectrum allocation strategies to harness the potential of huge
available bandwidths at the THz band. With this in mind,
we study spectrum allocation with ASB for the considered
multiuser THzCom system. Particularly, we aim to maximize
the achievable data rate under given sub-band bandwidth and
power constraints. Mathematically, the problem is formulated
as

PUopgiie SRR Ry o
subject to ZSES Py < P (6b)

0K P, <P™, Vse&, (60)

> s Bs = B, (6d)

0< Bs < Boax,  Vs€S.  (6e)

In this work, we aim to maximize the minimum data
rate among all users, which has also been adopted by
some previous relevant studies, e.g., [6,8]. Therefore,
E(R1, Ry, ,Rs) = minges{Rs}. Moreover, (6b) reflects
the power budget at the AP and (6¢) ensures that the power
allocated to user is upper bounded by P**. Furthermore, the
justifications of (6d) and (6e) are given in Section II-B.

A. Solution Approach

We now present the solution adopted to solve the formulated
optimization problem P°. We note that it is challenging to
directly solve P° due to the difficulty in obtaining the data
rate, R, in the objective function of P°. Specifically, it is
necessary to find the path gain, |as|2, to obtain R,. However,
on one hand, obtaining |a|? as per (5) involves an integral
and the limits of the integral depend on the design variables
By, V k € S. On the other hand, the values of K(f) for
all frequencies within the spectrum of interest are required
to obtain |a,|?. Although K(f) for all frequencies within
the spectrum of interest can be found using the methodology
in [4] with the aid of HITRAN database values, there does
not exist a tractable expression that maps f to K(f). This
implies that it is extremely difficult, if not impossible, to
analytically solve P° using the traditional optimization theory
techniques [13]. To overcome this challenge, we make two
assumptions which enable us to obtain |a|? using a tractable
expression of the design variables By, V k € S. We next
present these assumptions as follows:

First, we overcome the obstacle caused by obtaining ||
as in (5) using an integral. We observe that although the
molecular absorption coefficient is frequency-dependent, its
variation within sub-bands are relative small when sub-bands
exist within THz transmission windows. Considering this,
for tractable analysis, we represent |c|? assuming that the
molecular absorption coefficient remains unchanged within
each sub-band. This consideration enables us to obtain |as|? as

o ;
sl = gpgze 1%, (7)
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where o £ (ﬁ)z. We clarify that the assumption that the

molecular absorption coefficient remains unchanged within the
bandwidth of interest has been adopted in previous THz band
studies for tractable system design when the sub-bands have
a relatively small bandwidth such as [6,9, 14].

Second, we tackle the intractability caused by the lack of
tractable expression for K (f). To this end, we first obtain the
values of K (f) for all the values of f in the spectrum of
interest using the HITRAN database and observe its variation
within the spectrum of interest. We notice that the variation
of K(f) in the spectra that exist within PACSRs generally
exhibits the behavior of an exponential function of f (see Fig.
1). Therefore, through curve fitting, we model K(f) in the
spectrum of interest using an exponential function of f, given
by

K(f)=et7f + o3, (8)

where K (f) is the approximated molecular absorption coeffi-
cient at f and {01, 09,03} are the model parameters obtained
for the spectrum of interest. We note that the values of
K(f) in other spectra that exist within PACSRs can also be
modeled using exponential functions of f. However, the model
parameters would differ from one PACSR to another.

We next substitute (2) and (8) into (7) to obtain

. o1toa(fs— Z ag kBg)
0 e~ K(fs)ds 0 e—dsle +o3]

2
s = = s 9
ol ==y o~ SresanBr O

where ag, = 1if s > k, as = % if s =~F, and a, =
0 otherwise.

After utilizing the aforementioned approximations, we note
that the problem P® is a transformed into a tractable optimiza-
tion problem. However, it is non-convex in its current form. In
particular, the non-convexity in P° arises due to two reasons.
First, R, in the objective function in P is not differentiable
at Bs; = 0. Second, the objective function in P° is non-convex
w.r.t. the design variable B,, since R is not concave w.r.t. the
design variable B, V v € S. We next tackle this challenge as
follows:

We first handle the non-differentiability of Rs at By = 0.
To this end, we consider that By, Vs is lower bounded by a
very small positive number. In doing so, we transform P° into
the following problem, given by

Pe(6) : inimi —R, 10
O minnge o (109
subject to  (6b) — (6d),
§ < By < Buaxss Vs €S, (10b)

where 0 is a very small positive number. We note that the
optimal value of P°(§) converges to the optimal value of P°
when § — 0%, ie., lims_,o+ P°(d) = P° [13].

We next handle the non-concavity of R, w.r.t. the design
variable B,, V v € &S. For this purpose, we consider the
following substitution for Bg, given by

By =& +ws log(ss Zs), Vs €S, (11)

where Z; is the new design variable in P°(§) that would
replace By and &, ws,ss are real constants. Thereafter, sub-
stituting (11) into (4), we obtain

]DSC7YAC"YU|O_43|2 >
R.=(&s+wg log(ss Zs)) logo 1+ , (12
(¢ g())&(NM#%m&%» 12
where Pitoa(fam T ao,k(En b 108(shZ0))
|d |2 . Q e_ds[e +0'3] (13)
® (fs = > asi(&r + wilog(skZi)))2d?

keS

We observe that the expression for R, in (12) is highly non-
linear w.r.t. Z, for v € S§. However, through careful inspection,
we arrive at the following Lemma.

Lemma 1: The R, in (12) is concave w.rt. Z, Vs € S,v €
S when 1/w, > @, where © = o9 (Df((fref)eD"3 — 1),
D > duyax, and dpg, is the maximum propagation distance,
i.e., dmayx = maxges dg [15].

Proof: See Appendix A. |

Following Lemma 1, we select w, such that

1/ws > @, Vs € S, (14)

to ensure the convexity of the objective function in P° w.r.t.
Z,,. We clarify that for any selected combination of real values
for &, ws, s, the feasible region of the term &, +w; log(¢s Zs)
is R, as long as Zs€R. Thus, the constraint introduced on w; in
(14), does not add any restriction on the domain of the problem
P°(0). Within this consideration in mind, we transform P°(J)
into the following equivalent problem, given by

P°: minimize max{ R}
Py,Z, s s€8

subject to  (6b) — (6(:)7

S
1:[1 Z;uq H ~Wse

Zmin,s g Zs g Zmax,s7

(15a)

Bu= X &
<0, (15b)

VseS, (15c)

where  Zin s ie 2 and Zmax.s = ieBmi:i:&. We
note that (15b) and’ (15c) are obtained by substltutlng (11)
into (6d) and (10b), respectively. Finally, we note that after
these approximations and transformations, P° is obtained as a
standard convex optimization problem. Thus, P° can be solved
efficiently by using standard convex problem solvers [13].

IV. NUMERICAL RESULTS

In this section, we present numerical results to illustrate
the performance of the proposed multi-band-based spectrum
allocation with ASB, while considering the state-of-the-art
multi-band-based spectrum allocation with ESB as the bench-
mark [6]. The numerical results are obtained by considering a
rectangular indoor environment of size 20 m x 20 m, where an
AP at the center of the indoor environment serves 14 users.
We consider that the 50 GHz spectrum that exists between
1.025 and 1.075 THz is used to serve the users. We use the
molecular absorption coefficient values that are calculated for
the standard atmosphere with 10% humidity [4]. The values
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TABLE II
VALUE OF SYSTEM PARAMETERS USED IN SECTION IV.

Parameter Symbol Value

Heights of the AP and users ha, hy 3.0m, 1.3 m
Antenna gains Ga, Gy | 35 dBi, 20 dBi
Noise power density Ny —174 dBm/Hz
Power budget Piot -2.5 dBm
Upper bound on power per sub-band | P& %%

Upper bound on sub-band bandwidth | Bmax 4.5 GHz

of the rest of the parameters used for numerical results are
summarized in Table II, unless specified otherwise.

The problem Pois implemented in AMPL, which is popular
for modeling optimization problems [16]. As for the approx-
imation of the molecular absorption coefficient values in (8),
the model parameters are o; = —90.996, 05 = 8.326 x 10711,
and o3 = 0.0452. We note that these model parameters
correspond to the maximum percentage approximation error
of 2.5 %. We also note that for the substitution introduced in
(11) in Pe, we consider & =5x 107, wy, =5 x 10'9, and
=103V s e S3.

Fig. 2 plots the aggregated multiuser data rate, Rag =
> scs Rs, versus the power budget for the spectrum al-
location schemes with ASB and ESB. Moreover, the data
rate gain of adopting ASB relative to adopting ESB, Rag,
defined as ARxc% = Mﬁ%@m‘ x 100, is also plotted,
where Raglesg and Rag|asp are the aggregated multiuser
data rates for spectrum allocation schemes with ASB and
ESB, respectively. We first observe that the proposed spectrum
allocation scheme with ASB achieves a significantly higher
Rag compared to spectrum allocation with ESB for different
power budget levels. This is expected since, while spectrum
allocation with ESB achieves a certain [R5g, the capability of
the proposed spectrum allocation scheme with ASB to vary the
sub-band bandwidths helps to further improve Rag. Second,
we observe that Rag for spectrum allocation scheme with ASB
improves when upper bound on sub-band bandwidth, Bi.x,
increases. This is expected since a larger Bp,.x gives more
room to exploit the ASB capability, which improves the Rag.
These observations jointly demonstrates the significance of
spectrum allocation with ASB, thereby validating the benefits
of our proposed spectrum allocation strategy. We also observe
that as expected, Rag improves for both spectrum allocation
scheme with ASB and ESB when the power budget increases.
Interestingly, in the higher power budget regime, the data rate
gain of adopting ASB relative to adopting ESB, ARag, is
higher.

Fig. 3 plots Rag versus total bandwidth of the spectrum
of interest, By, for the spectrum allocation schemes with
ASB and ESB. Also, the spectral efficiencies of the spectrum
allocation schemes with ASB and ESB are plotted. We first

3Using D = 10v/2, frer = 1.075 x 10°, and K (fref) = 0.2702, we first
obtain @ as @ = 5.8159x10~10, Considering this, we then set ws to be
ws = 0.5x10? such that the constraint (14) is satisfied. Thereafter, although
it is possible to select any real values for s and g5, we set s and ¢ to be
5% 109 and 1073, respectively, to ensure the domain of Z; defined by (15¢)
is within the numerical operating range of AMPL.
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Fig. 2. Aggregated multiuser throughput versus the power budget per user.
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observe that the spectral efficiencies of the spectrum allocation
schemes with ASB and ESB decrease when By, increases.
This is due to the decrease in the power density per Hz when
By increases. We next observe that Rag for the spectrum
allocation schemes with ASB and ESB increases when By
increases. This shows that the impact of increased availability
of bandwidth for each user overwhelms the impact of decreas-
ing spectral efficiency when By, increases.

We finally investigate the impact of molecular absorption
loss on the proposed spectrum allocation scheme with ASB.
To this end, we consider several 50 GHz spectra within the
first THz transmission window above 1 THz, and plot the Rag
for the spectrum allocation schemes with ASB and ESB within
these spectra versus the end-frequency of these spectra, frr in
Fig. 4. Also, the average of the absorption coefficient values
of the sub-bands within these spectra, F[K,ps], is plotted. We
first observe that Rag for the spectrum allocation schemes
with ASB and ESB decreases when ff increases. This is due
to the increase in F[K,ps] when fif increases, as shown in the
figure, which in turn increases the molecular absorption loss in
the sub-bands and reduces Rag. We next observe that the data
rate gain of adopting ASB relative to adopting ESB, ARag,
increases when fr increases. This is due to the fact that, as
frer increases, the molecular absorption loss variation among
the sub-bands would be very high when ESB is adopted. Due
to this, there is more room to improve Rag by adopting ASB.
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spectrum of interest.

This observation indicates that it is more beneficial to adopt
ASB when the spectrum that has the highest average molecular
absorption loss is selected during spectrum allocation.

V. CONCLUSIONS

In this work, we investigated the impacts of ASB in multi-
band-based spectrum allocation at the THz band. To this end,
we formulated an optimization problem, with the main focus
on spectrum allocation, to determine the optimal sub-band
bandwidth and transmit power. We then proposed approxi-
mations and transformations to solve the formulated problem
analytically. Aided by numerical results, we showed that by
enabling ASB during spectrum allocation, the significantly
higher throughput can be achieved as compared to adopting
ESB. We also showed that it is more beneficial to adopt
ASB when the spectrum having the highest average molecular
absorption loss is selected during spectrum allocation.

APPENDIX A
PROOF OF LEMMA 1

We prove the concavity of Ry w.r.t. to Z,, where s,v € S.
To this end, we rearrange R, given in (12) to obtain R, =
B log, (1 4+ YY), where

_@S‘Ve*bs,VIOg(CVZV)
pv — BslaGu e , Vs, v €S,
NO(QS,I/ - bs,l/ log(gVZV))2BS

with @S,V:ds(e(’l*”ﬂs’”), bsy=02a5 ,w,, and Qg ,=fs —
I Zkes/y wy, log(sk Z ). Thereafter, we take the
second derivative of Ry w.r.t. to Z,, while approximating the
term (Qs, — bs, log(s,Z,))? in the denominator of T% in
(16) to be in since €2, > b, log(s, Z,). In doing so, we
obtain

(16)

R, | v
PR _Sme - weswes,
v E3", elsewhere,

where
B = = (L4 02) (14 byy) — dibay K(f,)e™) B,
X by, YV In(2) " dy K(fo)e®72 22 (14 TY) 7%, (18)

Ey" =T) +Tp + Ty, and E3"” = 0, with

ws ’ Ty
. 2
(T2)? (bosBod R(fo)eos — w,)
TQ = — 2 ) (20)
In(2) (1 + T¥)? 22B,
_bs,sBs <1+bs,s_dsbs,uk(fs)edso3) dsf((fs)
Ty = @1

In(2)Z2Y ;" (1+Y%)e 403

It can be shown that E7"” < 0 when 1/w, > &. Also, it can
be shown that 5" < 0 when 1/w, > @, since T; < 0 [15,
Eq. (1.5124)], 7, < 0,V s € S,v € S, and T3 < 0 when
1/w, > @ [15]. Based on these, we conclude that R in (12)
is concave w.r.t. to Z, when 1/w, > @.
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